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Abstract
Equivalent relations between quantum mechanical systems in the Robertson-
Walker (RW) background metric and quantum dynamics with an induced
quadratic background potential are derived in this work. Two elementary
applications, which include an algebraic derivation of the evolution operator
for a simple harmonic oscillator without using any special function or the
path integral technique, and a moving soliton solution of a free particle in
an oscillating universe, are presented to illustrate the use of these equivalent
relations.
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I. MOTIVATION AND INTRODUCTION
Recent advance of duality in string theory has not only greatly improved our under-
standing of string theory as an unified framework of quantum gravity, but also drastically
changed our view of quantum field theory. For instance, the Maldacena conjecture gives an
unforeseen correspondence between super-gravity and super-Yang-Mills theory which allows
us to study the strongly coupled dynamics of gauge theories via black hole physics [1]. An-
other example regarding strong-weak duality which exchanges fundamental with solitonic
degrees of freedom in apparently different models and establishes their equivalence [2].
On the other hand, it has also become clear that, as a technical tool, the use of duality
facilitates investigations of nonperturbative or strong coupling aspects in quantum dynamics,
which are certainly beyond the domain of perturbative calculations. While there exists vast
literature providing substantial evidences for supporting various duality relations as exact
quantum symmetries, it remains to be a great theoretical challenge to find mathematical
derivations of these conjectured connections.
In this work, we shall focus on a special duality transformation which generates equivalent
relations between quantum systems with different backgrounds. Due to relatively simple
structures of these systems, it is possible to derive these equivalent relations from a series
of change of variables. The precise correspondence between two classes of quantum systems
can be formulated as transformations between wave functions and evolution operators, and
we can explore physical consequences based on such an equivalent relation.
This paper is organized as follows. We first derive the equivalent relations between quan-
tum systems in the Robertson-Walker metric (denoted as Class A) and quantum systems
with an induced quadratic background potential (denoted as Class B) in Sec.II. The use of
these equivalent relations is illustrated by two elementary applications in Sec.III and Sec.IV.
In particular, we find an algebraic derivation of evolution operator for a non-relativistic sim-
ple harmonic oscillator and a moving solitonic wave of a free particle in the space with
oscillating metric. After making comparison with other approaches and commenting on
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special features of this equivalent relation in Sec.V, we summarize and conclude this paper
in Sec.VI.
II. EQUIVALENT RELATIONS BETWEEN QUANTUM DYNAMICS WITH
DIFFERENT BACKGROUNDS
The Schro¨dinger equation in the Robertson-Walker (RW) metric [3],
ds2 = gµνdx
µdxν = dt2 − a2(t)
[
dr2
1− kr2 + r
2dθ2 + r2 sin2 θdφ2
]
, (1)
is given by [4]
i
∂
∂t
ψ(~x, t) =

− 1
2m
√
g
∑
i,j
∂
∂xi
(√
ggij
∂
∂xj
)
+ V(~x, t; gµν)

ψ(~x, t)
=
[
− ∇
2
x
2a2(t)m
+ V (a(t)~x, t)
]
ψ(~x, t), (2)
where ∇2x is the Laplacian in the space of constant curvature k, and a(t) is the scale factor
describing the change of metric under the dynamics of general relativity. In the present
study, we shall confine ourselves to the case of flat space, i.e., k = 0.
To solve this time-dependent Schro¨dinger equation, we observe that the scale factor a(t)
appearing in the Hamiltonian through a rescaling of the spatial coordinates ~x, and it is
tempting to redefine new coordinates and the wave function,
~r ≡ a(t)~x, f(~r, t) ≡ ψ
(
~r
a(t)
, t
)
, (3)
to absorb such a time-dependent scale factor. Nevertheless, one needs to be careful in
transforming the time derivative on the left hand side of the Schro¨dinger equation, Eq.(2),
for now we have to fix new spatial variable ~r while taking the partial derivative with respect
to time variable,
i
∂
∂t
ψ(~x, t) |~x = i
[
a˙(t)
a(t)
]
~r ·
(
∂f
∂~r
|t
)
+ i
∂f
∂t
|~r . (4)
In terms of these new variables, the Schro¨dinger equation, Eq.(2), becomes
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i
∂
∂t
f(~r, t) =
[
−∇r
2
2m
− ih(t) (~r · ∇r) + V (~r, t)
]
f(~r, t), (5)
where we have introduced the Hubble parameter [3],
h(t) ≡ a˙(t)
a(t)
. (6)
The non-Hermitian term, −ih(t) (~r · ∇r), in the Hamiltonian, Eq.(5), originates from the
time-dependent normalization of the new wave function,
∫
d3x |ψ(~x, t)|2 = 1 ⇒
∫
d3r |f(~r, t)|2 = |a(t)|3. (7)
In view of this, one can recover a Hermitian Hamiltonian by redefining a properly normalized
wave function,
g(~r, t) ≡ a−3/2(t) f(~r, t) ⇒
∫
d3r |g(~r, t)|2 = 1, (8)
and the Schro¨dinger equation becomes
i
∂
∂t
g(~r, t) =
[
−∇
2
r
2m
− i
2
h(t) {~r,∇r}+ V (~r, t)
]
g(~r, t). (9)
In this representation, the induced potential, which is in proportional to {~r,∇r} ≡ ~r · ∇r +
∇r · ~r, suggests a form of gauge coupling. That is, we can rewrite the Hamiltonian as
H(t) =
1
2m
[−i∇r +mh(t)~r ]2 −
(
m
2
)
h2(t)~r 2 + V (~r, t), (10)
and make further simplification by employing a gauge transformation,
φ(~r, t) ≡ exp
[
i
m
2
h(t)~r 2
]
g(~r, t). (11)
With all these changes of variables, Eqs.(3), (8), (11), we generate a “dual” quantum system
with an induced quadratic potential,
i
∂
∂t
φ(~r, t) =
[
−∇r
2
2m
− m
2
(
a¨
a
)
~r 2 + V (~r, t)
]
φ(~r, t). (12)
Comparing the original Schro¨dinger equation, Eq.(2), to its dual representation, Eq.(12),
we find that the time-dependent kinetic term is replaced by the standard form and the effect
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of the Robertson-Walker background metric manifests itself as a quadratic potential. Note
that we need nontrivial time-dependence of the scale factor, a¨(t) 6= 0, to generate an induced
potential. Furthermore, while it seems unclear how to search for experimental consequences
of the systems, Eq.(2), other than its cosmology context; the dual systems, Eq.(12), could
find their experimental realization easily in a laboratory environment.
Given a scale factor a(t), our derivation establishes an equivalent relation between quan-
tum systems in a time-dependent background metric, Eq.(2), and quantum systems with an
induced quadratic potential, Eq.(12). To be precise, we have the following correspondence
between wave functions,
ψ(~x, t) = a3/2(t) exp
[
−i m
2
a˙(t) a(t) ~x 2
]
φ(a(t)~x, t), (13)
φ(~r, t) = a−3/2(t) exp
[
i
m
2
h(t) ~r 2
]
ψ
(
~r
a(t)
, t
)
. (14)
Notice that, apart from the scale factor, which ensures proper normalization, Eq.(8), the cor-
respondence between wave functions in two classes of systems is given by a time-dependent
gauge transformation. Given the transformation rules between wave functions, we can de-
duce that the evolution operators for each class of systems,
ψ(~xf , tf ) =
∫
d3~xi U(~xf , tf ; ~xi, ti) ψ(~xi, ti), (15)
φ(~rf , tf ) =
∫
d3~ri V (~rf , tf ;~ri, ti) φ(~ri, ti), (16)
are related by
U(~xf , tf ; ~xi, ti) = (af ai)
3
2 exp
[
−im
2
(
a˙f af ~x
2
f − a˙i ai ~x 2i
)]
V (af~xf , tf ; ai~xi, ti), (17)
V (~rf , tf ;~ri, ti) = (af ai)
− 3
2 exp
[
i
m
2
(
hf ~r
2
f − hi ~r 2i
)]
U
(
~rf
af
, tf ;
~ri
ai
, ti
)
. (18)
Here we adopt a shorthand notation to suppress the time dependence, ai ≡ a(ti), and
a˙i ≡ da/dt(ti), etc.. In the following, we shall refer to these transformations, Eqs.(13), (14),
(17), (18), as dual transformations. Finally, the expectation values of physical observables
in either class of systems follow a similar rule which leaves their values invariant under dual
transformations.
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∫
d3x ψ∗(~x, t)Oψ(~x, t) =
∫
d3r φ∗(~r, t)O φ(~r, t). (19)
III. EVOLUTION OPERATOR OF A SIMPLE HARMONIC OSCILLATOR
The exact dual transformations, Eqs.(13), (14), (17), (18), can be used to map known
solutions in one class to another. As a special case, the quantum dynamics of a free particle
(V (~x, t) = 0) moving in the RW background metric is equivalent to a quantum mechanical
simple harmonic oscillator (SHO), Eq.(12), with a time-dependent frequency,
ω2(t) ≡ − a¨(t)
a(t)
. (20)
To show the use of dual transformation, Eq.(18), we begin with the solution of a free
particle in the RW background metric. For instance, Eq.(2) can be solved by redefining a
new time variable,
dτ
dt
=
1
a2(t)
⇒ τ(t)− τ(t0) =
∫ t
t0
ds
a2(s)
. (21)
In this new time variable, the Schro¨dinger equation, Eq.(2), becomes
i
∂
∂τ
ψ(~x, t(τ)) = −∇x
2
2m
ψ(~x, t(τ)), (22)
and the plane-wave solution is given by
ψ(~x, t;~k) = exp
{
i
[
~k~x− ω(~k)τ(t)
]}
, ω(~k) ≡
~k2
2m
. (23)
From this plane wave solution, one can extract the evolution operator, Eq.(15), through the
Fourier transform. In the coordinate representation, it is given by
U(~xf , tf ; ~xi, ti) =
{
m
2πi[τ(tf )− τ(ti)]
}3/2
exp
{
i m (~xf − ~xi)2
2 [τ(tf )− τ(ti)]
}
. (24)
Given a scale factor a(t) and the evolution operator of a free system, Eq.(24), we can
derive the exact evolution operator of the corresponding system in Class B,
6
V (~rf , tf ;~ri, ti) =
[
mC(tf , ti)
2πi
]3/2
exp
{
im
2
[
A(tf , ti)~r
2
f +B(tf , ti)~r
2
i − 2C(tf , ti)~rf · ~ri
]}
,
(25)
where
A(tf , ti) ≡ h(tf) + 1
a2(tf)[τ(tf )− τ(ti)] , B(tf , ti) ≡ −h(ti) +
1
a2(ti)[τ(tf )− τ(ti)] ,
C(tf , ti) ≡ 1
a(tf )a(ti)[τ(tf )− τ(ti)] . (26)
We emphasize that these two evolution operators, Eqs.(24), (25) and (26), give complete
solutions to the quantum dynamics of both systems; free particle in the RW background
metric and simple harmonic oscillator with time-dependent frequency, Eq.(20). In the fol-
lowing, we shall examine several special examples of this general formula. For simplicity, we
shall focus on time-independent ( d
dt
ω2(t) = 0) cases:
Case (1) : ω21(t) = 0 ⇒ a1(t) = αt+ β, h1(t) = α/(αt+ β).
In this case, the dual transformation maps a free particle moving in a linearly expanding
space to a free particle in flat space. The τ function, Eq.(21), is given by
τ1(tf)− τ1(ti) ≡
∫ tf
ti
ds
a21(s)
=
1
α(αti + β)
− 1
α(αtf + β)
=
T
a(tf )a(ti)
, (27)
where T ≡ tf − ti is the time difference. Substituting these factors into the general solutions
for evolution operators, Eqs.(25), (26), we get
A1(tf , ti) = B1(tf , ti) = C1(tf , ti) =
1
T
, (28)
and the evolution operator is
V1(~rf , tf ;~ri, ti) =
(
m
2πiT
)3/2
exp
[
i m (~rf − ~ri)2
2T
]
, (29)
a free particle propagator as one would expect from Eq.(12).
Case (2) : ω22(t) = ω
2 ⇒ a2(t) = A cos(ωt− δ), h2(t) = −ω tan(ωt− δ).
In this case, the dual transformation maps a free particle moving in a space with oscillat-
ing RW metric to a flat space simple harmonic oscillator. The τ function, Eq.(21), is given
by
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τ2(tf)− τ2(ti) ≡
∫ tf
ti
ds
a22(s)
=
1
ωA2
[ tan(ωtf − δ)− tan(ωti − δ) ]
=
1
ω2A2
[h2(ti)− h2(tf )]. (30)
Plugging these formulae into Eq.(26), and making some algebraic simplification, we get
A2(tf , ti) = B2(tf , ti) =
ω
tanωT
, C2(tf , ti) =
ω
sinωT
. (31)
Thus, the duality solution, Eq.(25), reduces to the evolution operator of a simple harmonic
oscillator,
V2(~rf , tf ;~ri, ti) =
[
mω
2πi sinωT
]3/2
exp
{(
imω
2 sinωT
) [
(cosωT )(~r 2f + ~r
2
i )− 2~rf · ~ri
]}
. (32)
We emphasize that this derivation, through the use of an equivalent relation, is purely
algebraic and constitutes the simplest derivation of a SHO evolution operator to the best of
our knowledge.
Case (3) : ω23(t) = −ω2 ⇒ a3(t) = A cosh(ωt− δ), h3(t) = ω tanh(ωt− δ).
In this case, the dual transformation maps a free particle moving in an inflating (or deflat-
ing) space to a simple harmonic oscillator with an imaginary frequency. The τ function and
the evolution operator can be obtained through analytic continuations of the corresponding
results in case (2), and we shall not give details here.
We add a side comment considering the nature of this equivalent relation. It should
be clear from the above discussion that our duality mapping, in a strict sense, is a homo-
morphism from Class A models to the Class B ones. Many different Class A models get
transformed into the same model in Class B, and the inverse transformation from Class B
to Class A is not well-defined unless we specify the scale factor a(t). The scale factors a(t)
associated with “equivalent” systems in Class A which have identical Class B representation,
are specified, through the defining relation, Eq.(20), by a set of “moduli parameters”. In
the “free-particle vs. SHO” correspondence, these moduli parameters are linear expansion
rate α and initial scale β in the first case, amplitude A and phase shift δ in the second and
third cases. Our explicit algebraic calculations of evolution operators using Eqs.(25), (26),
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verify that the dependence of these moduli parameters indeed cancels out for the equivalent
Class A models. This cancellation has its physical origin in the Class A dynamics, as both
linear expansion rate α and amplitude A amount to a choice of length unit, and the change
of either initial scale β or phase shift δ imply a shift in time. Therefore, equivalent Class A
systems, in the sense of dual transformation, are also physically indistinguishable and the
dual transformation gives a one-to-one correspondence between physical systems in both
Classes.
IV. MOVING SOLITON SOLUTION FROM DUAL TRANSFORMATION
The dual transformations not only provide us with the connections between dynamics of
two classes of models, they are also useful in generating nontrivial solutions. For instance,
in the special case of free particle with the scale factor a(t) = A cos(ωt− δ), we can map the
SHO ground state wave function, φ0, from Class B to a localized state in Class A,
ψ0(~x, t) = a
3/2(t) exp
[
−im
2
a˙(t)a(t)~x 2
]
φ0(a(t)~x, t)
=
(
mωa2
π
)3/4
exp
[
−i
(
ω
2
)
t−
(
m
2
ωa2 + i
m
2
a˙a
)
~x 2
]
. (33)
Since the energy eigenstate in Class B is stationary and in-dissipative, we expect that the
corresponding state in Class A shares the same properties. Unlike the wave-packet solution
to the non-relativistic free Schro¨dinger equation, our localized solution does not disperse in
time. Indeed, the solitonic solution we found has a finite width in the physical length unit,
√
〈[a(t)~x]2〉 = 1√
2mω
. (34)
Finally, the maximum value of the probability density |ψ|2 stays at the origin ~x = 0, and
we conclude that the localized state is a static soliton.
Similarly, there is a corresponding stationary solitonic state in Class A for each excited
state in Class B. The properties of these excited solitons modify accordingly. For example,
when considering a nth SHO eigenstate in Class B, the width of the corresponding soliton
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increases by a factor
√
2n + 1. It is worth noting that the existence of these soliton solutions
is not obvious by looking directly at the Schro¨dinger equation in Class A. With the aid of dual
transformation, we discover these nontrivial solutions from the dual Schro¨dinger equation,
Eq.(12).
Since we start with a homogeneous and isotropic background, the origin of the soliton
can be located at any point ~x. Furthermore, the dynamics of non-relativistic free particle
systems are invariant under Galilean transformations. Consequently, we can generate a
moving soliton by “boosting” the coordinate system with a “velocity” −~v,
~x′ ≡ ~x+ τ(t)~v. (35)
The wave function of a moving soliton in the prime coordinate,
ψv(~x′, t) ≡ exp
[
im~v~x′ − i
(
m~v 2
2
)
τ(t)
]
ψ0(~x′ − τ(t)~v, t), (36)
satisfies the Schro¨dinger equation
i
∂
∂t
ψv(~x′, t) = − ∇
2
x′
2a2(t)m
ψv(~x′, t). (37)
As a consistency check for the dual transformations, Eq.(13), one can obtain the same
result by first performing a “boost” in the Class B systems,
~r′ ≡ ~r + a(t)τ(t)~v. (38)
and following a similar procedure as described in Sec.II for deriving the boosted SHO wave
function,
φv(~r′, t) ≡ exp
[
i
η(t)
2
m~v · (2~r′ − a(t)τ(t)~v)
]
φ(~r′ − a(t)τ(t)~v, t)
= exp
[
i
η(t)
2
m~v · (~r′ + ~r)
]
φ(~r, t), (39)
η(t) ≡ d
dt
(aτ) = a˙τ + aτ˙ , (40)
which satisfies the corresponding Schro¨dinger equation
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i
∂
∂t
φv(~r′, t) =
[
−∇
2
r′
2m
− m
2
(
a¨
a
)
~r′
2
]
φv(~r′, t). (41)
We can then apply the dual transformation, Eq.(13), to map the boosted SHO wave function
φv into the “freely” moving soliton solution,
ψv(~x′, t) = a
3/2(t) exp
[
−im
2
a˙(t)a(t)~x′
2
]
φv(a(t)~x′, t). (42)
Working out the algebra, one can be convinced that these two procedures, Eqs.(36),(42),
give the same answer, and we get
ψv(~x′, t) =
(
mωa2
π
)3/4
exp
[
−iΦv(~x′, t)−
(
m
2
ωa2
)
(~x′ − τ~v)2
]
, (43)
where the phase factor Φv(~x′, t) is given by,
Φv(~x′, t) ≡
(
ω
2
)
t+
(
m~v 2
2
)
τ(t)−m~v · ~x′ + m
2
a˙a(~x′ − τ~v)2. (44)
In addition, by changing the coordinate ~x′ into ~x in Eqs.(43), (44), i.e., taking an active
view for the soliton motion, and superimposing solitonic solutions with different velocities,
we can generate multi-soliton solutions of this system. While the linearity property of
free Schro¨dinger equation ensures that scattering among these solitons is trivial, one might
consider adding a potential V (~x, t) and then study how these solitons interact.
V. WHAT DO WE LEARN FROM THIS LESSON
Due to relatively simple structures, the models constructed above can also be solved
exactly by other means without referring to the dual transformation. At first sight, one
might think that these cases are of only pedagogical interest. However, our derivation
enjoys several advantage in comparison with other standard approaches:
(1) The use of dual transformation in solving the evolution operators does not rely on
explicit solutions of eigenstate wave functions or special identities among Hermite polyno-
mials, as required in the operator method [5]. Throughout our derivation, only elementary
functions are involved.
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(2) The boundary conditions of the classical solution, ~q(tf ) = ~xf , ~q(ti) = ~xi, are built
in directly from the free particle evolution operator, Eq.(24). The evaluations of functional
determinant and the classical action, which are necessary in the path integral approach [6],
[7], boil down to a single ordinary differential equation, Eq.(20), in our approach.
(3) In addition, our treatment allows for more general situations, such as SHO with a
time-dependent frequency, and the study of time-dependent phase transition. The general
solution is summarized in our master formulae, Eqs.(25), (26), and we save the labor without
attacking the problems separately.
(4) Finally, the dual transformation can be used in both directions. Not only this dual
relation provides a more efficient way to study time-dependent quantum dynamics, but also
we can apply this approach to study evolution of quantum states in an evolving universe and
discover some interesting features. For instance, the existence of soliton solutions for a free
particle, as shown in the previous section, is not obvious without using the dual Schro¨dinger
equation.
Moreover, in the special case of interest, namely, “free particle in the RW metric” vs. a
“simple harmonic oscillator” dual relation provides several interesting features which is in
common with more sophisticated version, e.g., ADS/CFT duality [1]:
(a) This is the simplest example where the effects of gravitation (or geometry) in one class
of quantum systems are transformed into a “real” interaction in another class of theories
through duality.
(b) We show how the space-time symmetry, namely, the Galilean invariance, is realized
and transformed according to the duality relation. That is, one can check that both Eqs.(36),
(39) form linear realizations of this symmetry acting on the underlying Hilbert-Fock space.
(c) Instead of giving connections among coupling parameters, as typical strong-weak
dualities do, our duality relation maps a scale factor a(t) into a SHO frequency ω(t). The
fact that free particles moving in a time-dependent background metric has its dual realiza-
tion as a purely bound state problem seems to carry the flavor of a strong-weak duality.
Whether this duality has any implication to the real systems, e.g., QCD, might deserve a
12
close examination.
(d) One might take the view that the quantum dynamics of a free particle in the RW
metric is, in some sense, a mother theory of various quantum mechanical models. In partic-
ular, the quantum mechanical simple harmonic oscillator can be derived from this mother
theory upon specifying a suitable scale factor a(t). We shall reiterate this point further in the
appendix and devise dual relations for deriving a generating functional from the evolution
operators.
VI. SUMMARY AND CONCLUSION
In this paper, we give an explicit construction of dual transformations between quantum
mechanical systems in the Robertson-Walker background metric and quantum dynamics
with an induced quadratic background potential. The use of such a dual relation is demon-
strated by an algebraic derivation of the evolution operator for a simple harmonic oscillator,
and the presence of moving solitonic solution in an oscillating universe. Finally, we compare
our study with other standard approaches in quantum mechanics and comment on possible
implications of this dual relation.
We thank Je-An Gu and Ho-Chi Tsai for many interesting conversations and discussion
which initiated the present work. We also acknowledge Dr. Pei-Ming Ho, Dr. Yeong-Chuan
Kao, and Dr. Miao Li for giving useful comments and suggestion. C.T. Chan is supported
by the NSC grant NSC 89-2811-M002-0072. C.K. Chua is supported by the NSC grant NSC
89-2811-M002-0039 and NSC 89-2811-M002-0086.
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APPENDIX A: DERIVING THE GENERATING FUNCTIONAL OF SIMPLE
HARMONIC OSCILLATOR FROM DUAL TRANSFORMATIONS
In this appendix, we shall combine tricks in the main text and use them to derive the
generating functional of a simple harmonic oscillator. To simplify notation, our discussion
will be restricted to one-dimensional case.
The generating functional of a quantum mechanical system is defined as
W [f(t); xf , tf ; xi, ti] ≡
∫ q(tf )=xf
q(ti)=xi
Dq(t) exp
{
i
∫ tf
ti
dt [ L[q(t), q˙(t)]− f(t)q(t) ]
}
. (A1)
It follows from this definition that all correlation functions can be generated from the func-
tional derivatives of the generating functional, assuming ti < t1, t2, ..., tn < tf ,
(i)n
δnW [f(t); xf , tf ; xi, ti]
δf(t1) δf(t2) ... δf(tn)
∣∣∣f(t)=0 = 〈xf , tf |T [qˆ(t1) qˆ(t2) ... qˆ(tn)]|xi, ti〉, (A2)
and we can interpret the generating functional as an evolution operator of a perturbed
system with the modified Hamiltonian given by H ′(t) ≡ H + f(t)q.
In the following, we shall present two routes for deriving the generating functional of a
simple harmonic oscillator. The first derivation is based on a gauge transformation between
generating functional and evolution operator of a simple harmonic oscillator, and the second
derivation examines the corresponding connection for a free particle, and then use dual
transformation to derive the SHO generating functional.
1. Gauge Transformation between Generating Functional and Evolution Operator
for a Simple Harmonic Oscillator
To derive the generating functional of a simple harmonic oscillator from the exact solution
of evolution operator, Eq.(32), one is tempted to make a coordinate shift, q ≡ r− s(t), and
observes that the simple harmonic potential naturally generates a coupling to the external
source f0(t) ≡ mω2s(t) and a background energy ε0(t) ≡ 12mω2s2(t),
V (r) =
1
2
mω2r2 → 1
2
mω2[q2 + 2s(t)q + s2(t)] = V (q) + f0(t)q + ε0(t). (A3)
Motivated by this observation, we can generalize Eqs.(35), (36), and define a gauge trans-
formed wave function,
ϕs(q, t) ≡ exp
[
−ims˙(t)q + i
∫ t
t0
ε(τ)dτ
]
φ(q + s(t), t), ε(t) ≡ m
2
[ω2s2(t)− s˙2(t)], (A4)
which satisfies the Schro¨dinger equation of a driven oscillator,
i
∂
∂t
ϕs(q, t) =
[
− 1
2m
∂2
∂q2
+
1
2
mω2q2 + f(t)q
]
ϕs(q, t), (A5)
where the external source function (or driving force) is given by
f(t) ≡ mω2s(t) +ms¨(t). (A6)
Notice that the time derivatives of the classical path s(t), appearing in the background
energy ε(t) and the external source f(t), are induced by the gauge transformation, Eq.(A4).
Since the generating functional is defined as a function of the external source f(t), we
need to invert the relation, Eq.(A6), and solve the classical path s(t) in terms of f(t).
Thus, with a given driving force f(t), the general solution to the inhomogeneous ordinary
differential equation, Eq.(A6), is,
s(t) = sω(t) + A cos(ωt− δ), (A7)
where the particular solution, sω(t), is given by a convolution of the external source with
the one-dimensional Green’s function Gω(t),
sω(t) ≡ 1
m
∫
dτf(τ) Gω(t− τ), (A8)
Gω(t) ≡
∫
dα
2π
eiαt
ω2 − α2 − iǫ =
i
2ω
[
θ(t)e−iωt + θ(−t)eiωt
]
. (A9)
One can then use this relation to rewrite the gauge transformed wave function, Eq.(A4), in
terms of the external source f(t) and the original SHO wave function φ(r, t).
The evolution operator in the presence of an external source,
ϕs(qf , tf) =
∫
dqiVs(qf , tf ; qi, ti)ϕs(qi, ti), (A10)
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can now be related to the SHO evolution operator, via Eqs.(14),(A4), as
Vs(qf , tf ; qi, ti) = exp
[
−ims˙f qf + ims˙iqi + i
∫ tf
ti
ε(τ)dτ
]
V (qf + sf , tf ; qi + si, ti). (A11)
Given the exact SHO evolution operator, V (rf , tf ; ri, ti), Eq.(32), and the general solution
for a driven harmonic oscillator, Eqs.(A7)∼(A9), we obtain the explicit form of generating
functional via Eq.(A11),
Vs(qf , tf ; qi, ti) =
√
mω
2πi sinωT
exp
{(
imω
2 sinωT
) [
(cosωT )[(qf + sf)
2 + (qi + si)
2]
−2(qf + sf)(qi + si)]− ims˙fqf + ims˙iqi + i
∫ tf
ti
ε(τ)dτ
}
=
√
mω
2πi sinωT
exp
{(
imω
2 sinωT
) [
(cosωT )(q2f + q
2
i )− 2qfqi
−2Pω(tf , ti)qf − 2Qω(tf , ti)qi +Rω(tf , ti)]} (A12)
where T ≡ tf − ti and various coefficient functions are
Pω(tf , ti) ≡
(
sinωT
ω
)
s˙f − (cosωT )sf + si = 1
mω
∫ tf
ti
f(τ) sinω(τ − ti)dτ, (A13)
Qω(tf , ti) ≡ −
(
sinωT
ω
)
s˙i − (cosωT )si + sf = 1
mω
∫ tf
ti
f(τ) sinω(tf − τ)dτ, (A14)
Rω(tf , ti) ≡ (cosωT )(s2f + s2i )− 2sfsi +
(
2 sinωT
mω
) ∫ tf
ti
ε(τ)dτ
= − 2
m2ω2
∫ tf
ti
f(τ) sinω(tf − τ)
[∫ τ
ti
f(σ) sinω(σ − ti)dσ
]
dτ. (A15)
This is in agreement with the standard textbook result [6], [7].
2. SHO Generating Functional from Free Particle Evolution Operator
While the previous derivation, making use of a gauge transformation between theories
with and without coupling to an external source, Eq.(A11), is straightforward and has a
direct generalization in field theory, it is possible to avoid complicated algebra by taking a
different route. Namely, we can solve the generating functional of a free particle in the RW
background metric first, then apply the same old dual transform, i.e., Eq.(18), to derive the
generating functional of a simple harmonic oscillator.
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With this strategy in mind, we first derive the generating functional of a free particle in
a static space, i.e., a(t) = 1. Following a similar idea in deriving Eq.(A4), one can show that
the gauge transformed wave function, as induced by the coordinate shift, y ≡ x− z(τ),
χz(y, τ) ≡ exp
[
−imz˙(τ)y − im
2
∫ τ
τ0
z˙2(η)dη
]
ψ(y + z(τ), t(τ)), (A16)
satisfies the Schro¨dinger equation with an external source j(τ) ≡ mz¨(τ),
i
∂
∂τ
χz(y, τ) =
[
− 1
2m
∂2
∂y2
+ j(τ)y
]
χz(y, τ). (A17)
The evolution operator in the presence of an external source, or equivalently, the generating
functional of a free particle,
χz(yf , τf) =
∫
dyi Uz(yf , τf ; yi, τi)χz(yi, τi), (A18)
can be related to the source-free evolution operator, Eq.(15), via Eq.(A16),
U0(yf , τf ; yi, τi) ≡ U(yf , t(τf ); yi, t(τi)), (A19)
Uz(yf , τf ; yi, τi)
= exp
[
−im
(
z˙fyf − z˙iyi + 1
2
∫ τf
τi
z˙2(τ)dτ
)]
U0(yf + zf , τf ; yi + zi, τi)
=
√
m
2πiT exp
{
im
2T (yf + zf − yi − zi)
2 − imz˙fyf + imz˙iyi − im
2
∫ τf
τi
z˙2(τ)dτ
}
=
√
m
2πiT exp
{
im
2T
[
(yf − yi)2 − 2P0(τf , τi)yf − 2Q0(τf , τi)yi +R0(τf , τi)
]}
, (A20)
where T ≡ τf − τi and various coefficients of yf , yi are given by
P0(τf , τi) ≡ T z˙f − (zf − zi) = 1
m
∫ τf
τi
j(ξ)(ξ − τi) dξ, (A21)
Q0(τf , τi) ≡ −T z˙i − (zf − zi) = 1
m
∫ τf
τi
j(ξ)(τf − ξ) dξ, (A22)
R0(τf , τi) ≡ (zf − zi)2 − T
∫ τf
τi
z˙2(ξ)dξ
= − 2
m2
∫ τf
τi
j(ξ)(τf − ξ)
[∫ ξ
τi
j(η)(η − τi) dη
]
dξ. (A23)
To derive the generating functional of a free particle in the RW background metric, we
change the time variable from τ to t, via Eq.(21). In so doing, the free particle Scho¨dinger
equation, Eq.(A17), becomes
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i
∂
∂t
χz(x, τ(t)) =
[
− 1
2a2(t)m
∂2
∂x2
+
j(τ(t))
a2(t)
x
]
χz(x, τ(t)), (A24)
and the evolution operator Uz(yf , τf ; yi, τi), or, the generating functional in the presence of
an external source, j(τ(t))
a2(t)
, modifies accordingly.
To arrange the formula in a canonical form, Eq.(2), and make connection with the
previous result, we further redefine the external source,
f(t) ≡ j(τ(t))
a3(t)
, (A25)
and treat the external source coupling as a potential, V (a(t)x, t) = f(t)a(t)x, in the RW
Schro¨dinger equation, Eq.(2). Finally, after substituting the generating functional of a free
particle in the RW metric, Eqs.(A20)∼(A23) with τ → τ(t), into the dual relation, Eq.(18),
Vs(rf , tf ; ri, ti) = (afai)
−1/2 exp
[
i
m
2
(hfr
2
f − hir2i )
]
Uz
(
rf
af
, tf ;
ri
ai
, ti
)
, (A26)
we recover the same result for the generating functional of a simple harmonic oscillator,
Eq.(A12)∼Eq.(A15).
18
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